Mathematica 11.3 Integration Test Results

Test results for the 63 problemsin "4.3.10 (c+d x)"m (a+b tan)*n.m"

Problem 3: Result more than twice size of optimal antiderivative.
JX Tan[a +bx] dx
Optimal (type 4, 54 leaves, 4 steps):

ix2 xlog[l+e?! @®X ] jpolylog[2, -e2i (a0 ]
- +

2 b 2 b2

Result (type 4, 175leaves):

bz e-iAr‘cTan[Cot[a]] X2 _ 1

Csc[a]

1+Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1l+e?'®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e2! (bx-ArcTan(Cotlall) | ;1 og[Cos [bx]] - 2 ArcTan[Cot[a]]

Log[Sin[bx-ArcTan[Cot[a]]]] + i PolylLog|2, e** (Px-ArcTaniCotal]) |)

Sec[a]]/ (zbz\/Csc[a]2 (Cosfa]®+sin[a]?) ) +lx2Tan[a]
2

Problem 7: Result more than twice size of optimal antiderivative.

JXZTan[a+bx]2dlx

Optimal (type 4, 73 leaves, 6 steps):

x> 2X Log[l +e?t (a*b“] i PolyLog[Z, —e?t <a*bx>] x?Tan[a+ b x]
- - — 4 - +

b 3 b2 b3 b

Result (type 4, 189 leaves):
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x3 , 1
-—+ |Csc[a]
3

b2 efiArcTan[Cot[a]] X2 —

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]])
Log[1 - e?! (bx-ArcTan(Cot[all) |, ;1 og[Cos [bx]] - 2 ArcTan[Cot[a]]
Sec[a]]/

Log[Sin[bx - ArcTan[Cot[a]]]] + i PolylLog[2, e?* (Px-ArcTaniCotlal]) )

x?Sec[a] Sec[a+bx] Sin[bx]
b

(b3 \/Csc[a]2 (Cosfal®+sin[a]?)

+

Problem 13: Result more than twice size of optimal antiderivative.

JxTan[a+bx}3d1x

Optimal (type 4, 90leaves, 7 steps):

x ix? xlog[l+e2® (P ] jpolylog[2, -e?!@®¥ | Tanfa+bx] xTan[a+bx]?2
—_— - + - - +

2b 2 b 2 b? 2 b? 2b

Result (type 4, 210leaves):
x Sec[a+bx]?
- +
2b
b2 e i ArcTan[Cot[a]] y2 ;Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -

{Csc[a]
1+Cot[a]?

nlog[1l+e?'PX] -2 (bx-ArcTan[Cot[a]]) Log[1 - e?! (Px-ArcTan(Cotlall) ]
smLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

Sec[a] ]/

[2 bz\/CSC[a]2 (Cos[a]2+Sin[a]2) ) B Sec[a] Sec[a+2bx] Sin[bx]
2b

i PolyLog [2’ er (b x-ArcTan[Cot[a]]) ] )

1
2

X2

Tan[a]

Problem 36: Result more than twice size of optimal antiderivative.

J (c+dx)™ ix

a+iaTan[e+fx]

Optimal (type 4, 98 leaves, 2 steps):
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codx)tn 122me 0N (cudn)” (SHO0 ] T Ganma 1 m, 2|
2ad(1+m) ' af

Result (type 4, 205 leaves):

if(cedx)\"(f2 (crdx)?| "
272—m d m_
(c+dx) y g
£ q "
Sec[e+fx] [2'™f (c+dX) M (Cos[e—£}+isin{e——]]+
d d d
21f d
d(l+m)Gamma[1+m,% jCos[e:—f}JrSin[ecd—f]]]

]

c
(71'1 Cos [f (—+x
d

c
Sin|f | —
| +sin] (d+x

J/ (adf (1em) (~i+Tanle+fx]))

Problem 37: Attempted integration timed out after 120 seconds.

J (c+dx)" 4
X
(a+iaTan[e+fx])?

Optimal (type 4, 171 leaves, 4 steps):

(C+dx)1*’" i2°2m e’“(ef%) (c+dx)" (m?ﬂl)frﬂGamma[lm, %dc*ﬂl]
.

4a2d<1+m> a2 f

+

jg2metie) (c+dx)" (J—M Z*dx )7mGamma{1+m, 4if (Crdx) d‘”dx ]

af

Result (type 1, 1leaves):

???

Problem 39: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bTan[e+fx]) dx

Optimal (type 4, 152 leaves, 8 steps):
a(c+dx)* ib(c+dx)* b (c+dx)’Log[1+e2i (eF0]
4d " 4d - f
3ibd (c+dx)?Polylog[2, -e?! (eFx)]

+

22
3bd? (c+dx) Polylog[3, -e?* ()|  3ibdPolyLog|4, -e?® (eFx |
23 4

Result (type 4, 546 leaves):
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713bcd2e‘ie (2if2x* (2e?*fx+31 (1+e*'®) Log[1+e2t (&FO])
4f
6i (1+e’*®) fxPolylog[2, -e?* ®F¥] 3 (1+e?'®) Polylog[3, -e** (***¥ |) Sec[e] -

1 . . 1 . . .
—ibdiel® | xts (1ae i) Xt et (1 e?f) (21X 40 fxC Log[1 et (PO ] 16 f2
4 2f

x? Polylog[2, -e2! (®FX) | 4+ 61 fx PolyLog[3, -e?* (¢*F¥ | —3Polylog[4, -e?! (¢*F¥ )

1
Secle] + —x (4c®+6c*dx+4cd*x*+d>x*) Sec[e] (aCos[e] +bSin[e]) -
4

(bc®Secle] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f (Cos[e]?+sin[e]?)) -

3bc?dCscle] |e tArcTan(Cotle]] £2 42 ;Cot[e] (i fx (-7-2ArcTan[Cot[e]]) -
1+Cotle]?
nlog[1l+e2t¥x] -2 (fx-ArcTan[Cot[e]]) Log[1 - 2! (Fx-ArcTan(Cotle]]) |
sLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

i Polylog|2, e** (Fx-ArcTaniCotlel]) 1) | sec[e] /(ZFZJCsc[e}Z (Cos[e]?+sSin[e]?) )

Problem 40: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bTan[e+fx]) dx

Optimal (type 4, 115leaves, 7 steps):
a(c+dx)® ib(c+dx)’ b (c+dx)®Log[1+e2! (X ]

+

3d 3d f
ibd (c+dx) PolyLog[2, -e?! (¢fX ] bd?PolylLog[3, -e?! (&FX)]
£ 2

Result (type 4, 375leaves):
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1
12 f3

bd?e e (2if*x? (2e2*°fx+31 (1+e’'®) Log[1+e2t (&FO])
6i (1+e’*®) fxPolylog[2, -e?* ®F¥] -3 (1+e?!®) Polylog[3, -e** (***¥ |) Sec[e] +
1
—x (3c*+3cdx+d®>x*) Sec[e] (aCos[e] +bSin[e]) -
3
(bc?Secle] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /

(f (Cos[e]?+sSin[e]?)) -

g bArcTan[Cot(e]] £2 42 ;Cot[e] (i fx (-7-2ArcTan[Cot[e]]) -
1+ Cot[e]?

nlog[1+e 2 x| -2 (fx-ArcTan[Cot[e]]) Log[1- g2 (Fx-ArcTan(Cotle]]) ]

mLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

[b cdCscle]

i PolyLog [2, er (f x-ArcTan[Cot[e]]) ] )

Sec[e]

/ (fz \/Csc[e}z (Cosle]®+sin[e]?)

—_

Problem 41: Result more than twice size of optimal antiderivative.
J(c+dx) (a+bTan[e+fx]) dx
Optimal (type 4, 84 leaves, 6 steps):

a(c+dx)® ib(c+dx)® b(c+dx)Log[l+e?! (€] ibdPolylog[2, -e?! (eFx]
+ - +
2d 2d f 2 2

Result (type 4, 206 leaves):

1 , bclog[Cos[e+fx]]
acx+—adx” - -

2 f

[desc[e} [e“"”a”[c"t[e” f2x2 - ;Cot[ﬂ (i fx (-7-2ArcTan[Cot[e]]) -
1+ Cot[e]?
nlog[1+e? x| -2 (fx-ArcTan[Cot[e]]) Log[1- 2! (Fx-AncTan(Cotle]]) ]
mLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

/

i PolyLog [2) er (f x-ArcTan[Cot[e]]) ] ) Sec [e]

(Zfz\/Csc[e]2 (Cosfe]?+sin[e]?) ) + 1bdx2
2

Tan|

e]

Problem 44: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bTan[e+fx])2d1x

Optimal (type 4, 300 leaves, 15 steps):
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Jibz(c+dx)3 az(c+dx)4 J'lab(c+dx>4 bz(c+dx)4

- + + - +
f 4d 2d 4d
3b2d (c+dx)?Log[1+e?! (¢fX]  2ab (c+dx)’Log[1+e?! (X ]
£ i f i
31b2d? (c+dx) Polylog[2, -e?! (¢*f¥ ] 3iabd (c+dx)?Polylog[2, -e?! (&Fx]
£ ' 12 '
3b%d*Polylog[3, -e?! (X ] 3abd® (c+dx) PolylLog|3, -e?® (eFx|
2 ¢4 i £ )
3iabd?Polylog[4, -e2i(f¥] b2 (c+dx)’Tanle+fx]
2 f4 ' f

Result (type 4, 1347 leaves):
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L prgiete (2iF2x* (2e?*fx+31 (1+e'®) Log[1+e2t(&FO )

4 f4
6i (1+e?*®) fxPolylog[2, -e?! (¢ FX ] _3 (1+e?%¢) PolyLog|3, -e*! (¢F¥ ) sec[e] +
;?abcdze’“ (212 %% (2€®* ¢ fx+31 (1+e*'®) Log[1+e? (T )+

6i (1+e’'®) fxPolylog[2, -e** ¢ F¥] -3 (1+e’'®) Polylog[3, -e*' (**F¥ ]) sec[e] -

1 ) )
“iabd?et® |-x*+ (1+e’216> x4 -

e?ie (1+e?te) (2 x* +41F %3 Log[1+e?t (#FN] 162
2

24
x*Polylog[2, -e?! *FX | 4+ 61 fx PolyLog|3, -e’* (*F¥ | -3 Polylog[4, -e*! (¢:F¥ )
Sec[e] + (3b*c*dSec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +FfxSin[e])) /
(f? (Cos[e]?+sSin[e]?)) -
(2abc®secfe] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f (Cos[e]*+Sin[e]?)) +

3 b2 C dZ Csc [e] efi ArcTan[Cot[e]] {:2 XZ _ 1

1+ Cot[e]?

Cot[e] (ifx (-m-2ArcTan[Cot[e]]) -mLog[l+e?'FX] -2 (fx-ArcTan[Cot[e]])
Log[1 - e?! (FxArcTanCotlel]) | ;1 og[Cos [f x]] - 2ArcTan[Cot[e]]

Log[Sin[fx - ArcTan[Cot[e]]]] + i Polylog[2, e*® (fx-ArcTaniCotie]]) ) | sec[e] /

) 1
(f3 \/Csc[e]z (Cos[e]?+sin[e]?) ) - |3abc?dCsc[e] |e iArcTaniCotle]] g242 ——

1+Cotle]?
Cot[e] (ifx (-m-2ArcTan[Cot[e]]) -Log[1l+e?*¥X] -2 (fx-ArcTan[Cot[e]])
Log[1 - e?! (FxArcTan(Cotie]]) ] ;1 og[Cos [f x]] - 2 ArcTan[Cot[e]]

Log[Sin[fx - ArcTan[Cot[e]]]] + i Polylog[2, e** (fFx-ArcTaniCotiel]) ) | sec[e] /

(-FZ\/Csc[e]2 (Cos[e]®+sin[e]?) ) + %Sec[e] Sec[e + f x]
8

(4a%c®fxCos[fx] -4b*cfxCos[fx] +6a’c’dfx’Cos[fx]-6b’>c’>dfx’Cos[fx] +
432cd’fx>Cos[fx] -4b%>cd?>fx3Cos[fx]+a’d®Ffx*Cos[fx]-b>d>fx*Cos[fx] +
4a>c3fxCos[2e+fx]-4b?>c3fxCos[2e+fx]+6a?c’dfx?Cos[2e+fx] -
6b2c2dfx?Cos[2e+fx] +4a’cd’fx3Cos[2e+Ffx]-4b>cd?®fx3Cos[2e+fx]+
a’?d®fx*Cos[2e+fx] -b>d>fx*Cos[2e+Ffx] +8b2c3Sin[fx] +24b%c?dxSin[fx] -
8abc>fxSin[fx] +24b%cd?x®*Sin[fx] -12abc?dfx?>Sin[fx] +8b%d3>x3Sin[fx] -
8abcd?’fx3sin[fx]-2abd®*fx*Sin[fx] +8abc>fxSin[2e+fx] +
12abc*dfx*sin[2e+fx] +8abcd’fx?Sin[2e+fx] +2abd®fx*Sin[2e+fx])

Problem 45: Result more than twice size of optimal antiderivative.

J(c+dx)2 (a+bTan[e+-Fx])2d1x

Optimal (type 4, 229 leaves, 13 steps):
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1'Lb2(c+dx)2 az(c+dx)3 Zjab(c+dx)3 bz(c+dx)3

- + + - +
f 3d 3d 3d
2b%d (c+dx) Log[1+e?* =FX ] 2ab (c+dx)?Log[1+e2l (e ]
2 ) £ -
i b2d?Polylog[2, -e?! ¥ | 2jiabd (c+dx) PolylLog[2, -e?! (e:fx ]|
= + o _
abd?Polylog[3, -e2i(e*fX | b2 (c+dx)’Tan[e+fx]
+
£ £

Result (type 4, 656 leaves):
LBabdzce’jLe (2iF2x* (2e?'®fx+31 (1+e*'€) Log[1+e“(e*fx>” +
6f
6i (1+e’"®) fxPolylog[2, -e** ¢ F¥] -3 (1+e’'®) Polylog[3, -e*' (***¥ |) sec[e] +

=x (3c®+3cdx+d?x?) Sec[e] (a*Cos[e] -b*Cos[e] +2absSin[e]) +
3

(2b>cdsecle] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSinfe])) /
(f* (Cos[e]?+sin[e]?)) -

(2abc?Sec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f (Cos[e]?+sin[e]?)) +

) 1
b®>d®Cscle] |e 'ArcTan(Cotiel] £252 . ————Cot[e] (i fx (-n-2ArcTan[Cot[e]]) -
1+ Cotle]?

nlog[1l+e2i¥x] -2 (fx-ArcTan[Cot[e]]) Log[1 - 2! (Fx-ArcTan(Cotle]]) |
mLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

i PolyLog [2’ eZJi (f x-ArcTan[Cot[e]]) ] ) Sec [e] /

. 1
(-F3\/Csc (Cosfe]®+sin[e]?) )— 2abcdCscle] |e tArcTaniCote]] £2 2

1+ Cot[e]?
Cot[e] (ifx ( n-2ArcTan[Cot[e]]) - mLlog[1+e? F*] -2 (fx-ArcTan[Cot[e]])
Log[1 - e?! (Fx-ArcTaniCotlel]) ] ;11 og[Cos [f x]] - 2 ArcTan[Cot[e]]

Log[Sin[fx - ArcTan[Cot[e]]]] + i Polylog[2, e?* (Fx-ArcTaniCotiel]) ) | sec[e] /

(-FZ\/Csc (Cos[e]?+sin[e]?) ) + %Sec[e] Sec[e + fx]

(b?c?sin[fx] +2b*cdxSin[fx] +b*>d*x*Sin[fx])

Problem 49: Result more than twice size of optimal antiderivative.

J(c+dx)3 (a+bTan[e+fx])>dx

Optimal (type 4, 612 leaves, 28 steps):
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3jb3d(c+dx)2 Bjabz(c+dx>3 b3(c+dx)3 a3<c+dx)4

+ + +
22 f 2f 4d
3ia?b (c+dx)* 3ab?(c+dx)* ib®(c+dx)* 3b3d? (c+dx) Log[1l+e?t (& FX)]
4ad : 4d ) 4d : £ :
9ab?d (c+dx)?Log[1+e? X ]| 3a2b (c+dx)’Log[1+e2? (X
£ ) f :
b* (c+dx)’Log[1+e? &FX] 3ib*d?Polylog[2, -2 (& ]
f ' 2§ 7
9iab2d? (c+dx) Polylog[2, €2 (®fX ] 9ia2bd (c+dx)?Polylog[2, -2 (e+f ]
= ' 2 §2 i
3ib3d (c+dx)*Polylog[2, -e?! (¢*fX) | 9ab?d?Polylog[3, -2 (¢:F ]
22 ' 2§ .
9a2bd? (c+dx) Polylog[3, -e?! (¢*fX ] 3p3d? (c+dx) Polylog|3, -e?! (e+F) |
23 ' 23 .
9ia’bd®Polylog[4, -e?! (¢ | 3 b3d>Polylog|[4, -e?! (e:F) |
4 : 4 )
3b°d (c+dx)?Tan[e+fx] 3ab?(c+dx)’Tan[e+fx] b3 (c+dx)’Tan[e+fx]?
22 ' f : 2f

Result (type 4, 2607 leaves):

741?3ab2 d*el® (21X (2e21°Ffx+3i (1+e?°) Log[1+e?! (& F¥ )
6i (1+e?*®) fxPolylog[2, -e?! (¢ FY ] _3 (1+e?%¢) PolyLog[3, -e*! ¢F¥ ) sec[e] +

%3 a’bcd?et® (21'1'F2X2 (2 e?tefx+31 <1+<e“e> Log[1+e“(e*fx)]> +
4f

6i (1+e°*®) fxPolylog[2, -e?* ¢ F¥] -3 (1+e’'®) Polylog[3, -e** (**F¥ ]) sec[e] -
:?bg'cdze’“ (21 F2x* (2€®*fx+31 (1+e*'®) Log[1+e®® T )+

6i (1+e’*®) fxPolylog[2, -e?* ®F] -3 (1+e?!¢) Polylog[3, -e?! (¢FX )

1

3 )
Sec[e] - —1a’bd*e® x* -
4

e2ie (1+e?ie) (2F4x*+ 43 x°Log[l+e

x4t (1+e72]le> 4 "
2f
2]'1(€+'FX)] +6f2 X2 PolyLog[Z, *@21(e+fx>] i

6 i fxPolylog[3, -e*! (**F¥ | _3Polylog[4, -e?! T ]) | sec[e] +

1 . . 1, . .
—ibPdPel® [-x*+ (1+e?ie) xt- ——e?2ie (1+e2ie) (2Fx*+41 %% Log[1+e?t (@ FX ] 162
4 2 f4
x* Polylog[2, -e?! ®FX) | 1 6 i fx PolyLog[3, -e?* (¢F¥ | -3 Polylog[4, -e*! (¢:F¥ )
(b>c®+3b3c2dx+3b*cd*x?+b>d®x?) Sec[e+fx]?
Sec[e] + -

2f
(3b®cd?>Sec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f? (Cos[e]?+sin[e]?)) +
(9ab*c?>dSec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f2 (Cos[e]?+Sin[e]?)) -
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(§a25c3 Sec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f (Cos[e]?+sin[e]?)) +
(b c*sec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f (Cos[e]?+sin[e]?)) -
3b3d3Cscle] |e tArcTaniCotle]] £242 ;Cot[e] (i fx (-m-2ArcTan[Cot[e]]) -
1+Cotle]?
nlog[1+e? x| -2 (fx-ArcTan[Cot[e]]) Log[1- e (Fx-ArcTan(Cotle]]) ]
mLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[f x - ArcTan[Cot[e]]]] +

+

i Polylog|2, e (Fx-ArcTaniCotlel]) 1) | sec[e] /(Zf“\/Csc[e]2 (Cos[e]?+sin[e]?)

. 1
9ab’cd*Cscle] |e tArcTaniCotiel] £252 — = Cot[e] (i fx (-7-2ArcTan[Cot[e]]) -

1+ Cot[e]?
nlog[1l+e2i¥x] -2 (fx-ArcTan[Cot[e]]) Log[1 - 2! (Fx-ArcTaniCotle]]) |
sLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

i Polylog|2, e (Fx-ArcTaniCotlel]) 1) | sec[e] /(F3\/Csc[e}2 (Cos[e]?+sin[e]?) ) -

9a2bc?dCsc[e] |e tArcTanlCotle]] £2 42 ;Cot[e} (i fx (-7-2ArcTan[Cot[e]]) -
1+ Cot[e]?
nlog[l+e?!FX] -2 (fx-ArcTan[Cot[e]]) Log[1- e (Fx-ArcTan(Cotie]]) ]
smLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

+

i Polylog|2, e“(‘c"‘A“Ta”[C“[e”)]) Sec[e] /(Zfz\/Csc[e]Z (Cos[e]?+sSin[e]?)

. 1
3b°c®dCscle] |e tArcTaniCotiel] £252 ————Cot[e] (i fx (-7-2ArcTan[Cot[e]]) -

1+ Cotle]?
nlog[l+e?'FX] -2 (fx-ArcTan[Cot[e]]) Log[1- e (Fx-ArcTan(Cotie]]) ]
sLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

+

i Polylog[2, e (Fx-ArcTaniCotlel]) 1) | sec[e] /(ZFZJcSc[eJZ (Cos[e]?+sSin[e]?)

(3x* (a®>c®*d+3ia*bc®d-3ab’c®d-ib’c®d+a’c®dCos[2e] -3ia’bc’dCos[2e] -
3ab?®c?dCos[2e] +ib3c?dCos[2e] +1ac?dSin[2e] +3a’bc?dSin[2e] -
3iab’c?dsin[2e] -b’c*dsSin[2e])) /(2 (1+Cos[2e] +iSin[2e])) +

(x* (a®cd*+3ia’bcd®-3ab*cd®-ib’cd®+a’cd’Cos[2e] -3ia’bcd®Cos[2e] -
3ab®cd?Cos[2e] +ib3cd*Cos[2e] +1a%cd®Sin[2e] +3a’bcd®Sin[2e] -
3iab’cd’Sin[2e] -b’cd’Sin[2e])) /(1+Cos[2e] +iSin[2e]) +

(x* (a®d*+3ia’bd®-3ab>d®-ib>d>+a*d’Cos[2e] -3ia’bd’Cos[2e] -3ab>d’Cos[2e] +
ib’d®Cos[2e] +ia*d®Sin[2e] +3a’bd’Sin[2e] -3iab*d®Sin[2e] -b*d*Sin[2e])) /
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3ia’bc?
(4 (1+Cos[2e] +iSin[2e])) +x |a’c®-3ab’c’+ +

1+Cos[2e] +1Sin[2e]

-3ia’bc3Cos[2e] +3a’bc3Sin[2e]

+(2ib>c*Cos[2e] -2b>c?sin[2e]) /
1+Cos[2e] +1Sin[2e]

((1+Cos[2e] +iSin[2e]) (1-Cos[2e] +Cos[4e] -iSin[2e] +iSin[4e])) +
(-2ib*c*Cos[4e] +2b>c*Sin[4e]) /
((1+Cos[2e] +iSin[2e]) (1-Cos[2e] +Cos[4e] -iSin[2e] +iSin[4e])) -
ib3c3 ib3c3Cos[6e] -b3>c3Sin[6e] 1
1+Cos[6e] +1Sin[6e] ' 1+Cos[6e] +1Sin[6e] +2-F2
3Secle] Sec[e+fx] (-b*c?dsSin[fx] +2ab’c®fSin[fx] -2b’>cd*xSin[fx] +
6ab>c?dfxsin[fx] -b>d®x*Sin[fx] +6ab’cd*fx*Sin[fx] +2ab>d® fx*>Sin[fx])

Problem 50: Result more than twice size of optimal antiderivative.

J(Cerx)2 (a+bTan[e+fx])>dx

Optimal (type 4, 436 leaves, 22 steps):

b3cdx b3d?x2 _°>]iab2(c+dx)2 a3(c+dx)3 jlazb(c+dx)3 abz(c+dx)3

£ 2f f Y d . d )
ib*(c+dx)® 6ab’d(c+dx) Log[l+e?! ®FX] 3a2b (c+dx)’Log[1l+e?t (&F0]
3d ' £ ) f :
b3 (c+dx)2Log[1+e“<e*”>} b*d? Log[Cos[e+fx]] 3iab?d?Polylog|2, -e2! (€]
f i £ i & ’
3ia’bd (c+dx) Polylog[2, -e?* ()| ib3d (c+dx) Polylog[2, -e?* (e:F) ]
.FZ .FZ
3a2bd? Polylog|3, -e?! (€] b*>d?PolyLog|3, -e?! (¢Fx |
23 ' 23 .
b>d (c+dx) Tan[e+fx] 3ab?(c+dx)?Tan[e+fx] b*(c+dx)’Tan[e+fx]2
£ i f ' 2¢

Result (type 4, 1860 leaves):
%azbdz e’ (2ifx? (2e2*fx+31 (1+e?'®) Log[1+e2t (&FO )
af
6i (1+e’*®) fxPolylog[2, -e?* ®F¥] _3 (1+e’'®) Polylog[3, -e** (**F¥ | ) sec[e] -
1
12 f3
6i (1+e’'®) fxPolylog[2, -e** ¢ F9] -3 (1+e’'®) Polylog[3, -e*' (**F¥ |) sec[e] -
(b d*sec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f? (Cos[e]?+sin[e]?)) +
(6ab®cdsecle] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f* (Cos[e]®+sin[e]?)) -
(3a®bc?sec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /
(f (Cos[e]*+Sin[e]?)) +
(b®c?sec[e] (Cos[e] Log[Cos[e] Cos[fx] -Sin[e] Sin[fx]] +fxSin[e])) /

bPd?e (202 x* (2e’ e fx+31 (1+e*'¢) Log[l+e® &FX]) 4
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‘ (f (Cos[e}z;sin[e]z)) +

3ab2d?Csc[e] |e tArcTan(Cotle]] £2 42 ;Cot[ﬂ (i fx (-7-2ArcTan[Cot[e]]) -
1+ Cot[e]?
nlog[l+e? x| -2 (fx-ArcTan[Cot[e]]) Log[1 - 2! (Fx-ArcTan(Cotle]]) ]
mLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

i Polylog|2, e (Fx-arcTaniCotlel]) ) | sec | /(f3\/Csc (Cos[e]?+sin[e]?) )7
) 1
3a’bcdCscle] e tArcTaniCotlel] £252 ————Cot[e] (ifx (-7-2ArcTan[Cot[e]]) -
1+ Cotle]?

nLog[1+e’2“X} -2 (-Fx—Ar‘cTan[Cot[e}]) Log[1—<e2iL “X’A"CTa”[C“[em} +
smLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

i Polylog|2, e (Fx-ArcTaniCotlel]) ) | sec | /(-Fz\/Csc (Cos[e]?+sin[e]?) )+
) 1
b>cdCscle] |e tArcTaniCotiel] £252 ————Cot[e] (i fx (-7-2ArcTan[Cot[e]]) -
1+ Cot[e]?

nlogll+e?tfx] -2 (fx-ArcTan[Cot[e]]) Log[1 - e?! (Fx-ArcTan(Cotle]) ]
mLog[Cos[fx]] -2ArcTan[Cot[e]] Log[Sin[fx - ArcTan[Cot[e]]]] +

i Polylog[2, e (Fx-ArcTaniCotlel]) 1) | sec | /(-Fz\/Csc (Cos[e]?+sSin[e]?) ) +

; Sec[e] Sec[e+fx]? (6b>c?fCos[e] +12b>cdfxCos[e] +6a’c®f?xCos[e] -
12 f

18ab?c?f?xCos[e] +6b>d?>fx?*Cos[e] +6a>cdf?x?Cos[e] -18ab%cdf?x?Cos[e] +
2a3d?2f2x3Cos[e] -6ab?d?>f>x3Cos[e] +3a*c?f’>xCos[e+2Ffx] -
9ab?c?f?xCos[e+2fx]+3a’cdf?x?Cos[e+2fx]-9ab’cdf’x®Cos[e+2Ffx]+
a®d’f?>x3Cos[e+2fx]-3ab?d?’f>x’Cos[e+2Ffx] +3a’c?f?>xCos[3e+2Ffx] -
9ab’c?2f®xCos[3e+2fx]+3a’cdf’x?Cos[3e+2fx]-9ab’cdf’x’?Cos[3e+2Ffx] +
a®d’f?>x3Cos[3e+2fx] -3ab?d*’f2x3Cos[3e+2Ffx] +6b3cdSin[e] -
18ab?c?fSin[e] +6b3>d?’xSin[e] -36ab?cdfxSin[e] +18a%bc?f?xSin[e] -
6b3c?f2xSinje] -18ab?d?>fx%?Sin[e] +18a’bcdf?x%?Sin[e] -6b3cdf?x%Sin[e] +
6a’bd?>f2x>Sinfe] -2b3d?2f2x3Sin[e] -6b3>cdSin[e+2fx] +18ab%c?fSin[e+2fx] -
6b3d?xSin[e+2fx] +36ab’cdfxSin[e+2fx]-9a’bc?f?xSin[e+2fx] +
3b3c?f2xSin[e+2fx] +18ab?d*fx?Sin[e+2fx] -9a’bcdf?x?Sin[e+2fx] +
3b3cdf?x®Sin[e+2fx] -3a?bd?>f2x3Sin[e+2fx] +b3d*f2x>Sin[e+2fx] +
9a’bc?f?xsSin[3e+2fx] -3b3c?f2xSin[3e+2fx] +9a’bcdf?x?>Sin[3e+2fx] -
3b°cdf>x®sin[3e+2fx] +3a’bd* 2 x*Sin[3e+2fx] -b>d®* 2 x*Sin[3e+2fx])

Problem 59: Result more than twice size of optimal antiderivative.

J <C+dx) B
X
(a+bTan[e+fx])?
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Optimal (type 4, 848 leaves, 21 steps):

2ib? (c+dx)’ 2b2 (c+dx)’ (c+dx)
- + + +
(a2+b2)2f  (a+ib) (ia+b)? (ia-b+ (ia+b)e2ie2ifx) £ 4 (a-ib)’d
b (c+dx)* bz<c+dx)4+3b2d(Cerx)zLog[lJr“""—“’ajb)E—Zf}+
2

(ia-b) (a-ib)?d (a?+b?)*d (a2 + b?)2 2

2b (c+dx)? Log[1+ 22T 55 2 (4 dx)? Log[1 4 L2-iblet M

a+ib _ a:ib )
(a—jb>2(a+jb)f <a2+b2)2_F
(aZ+b2)2-F3 (ia-b) (a—jb)zfz
(a2+b2>2f2 2<a2+b2>2_F4
(a-30)7 (a0 i0] P e
3bd? Polylog |4, ,u;eb—*] ) 3b2 d* Polylog 4, Ja_ba:)_f]
2 (ia-b) (a-ib)?f* 2 (a2 4 b?)2 £

Result (type 4, 2713 leaves):
1

2 (afjb)z (a+1’1b)3 <7J'lb (71+e2]‘“§> +a (1+e2je)>f4

be’*® |4 (a-ib) (-ia+b)c*f (3bd+2acf) x+

4(a+1b) c? ’“e(b<—1+(e2“)+J'la<1+ce“e>)'F3 <3bd+2aC'F>X+
121a(a+1b)bcd2f3x2+12 (a+ib> bzcd2f3x2+12ia(a+1’1b)bcd2e’2“f3x2—
12ib® (-ia+b)cd’e?'*fx>+12ia° (a+ib) c?df*x*+12a (a+ib)bc?df x*+
12ia® (a+ib)c*de?'®f*x*-12a (a+ib)bcPde? ' x*+

12 (a-ib) (-ia+b)cdf’ (bd+acf)x*+4ia(a+ib)bd®Fx*+4 (a+ib)b?d x>+
4iafa+ib)bde?ie x> 4ib? (-ias+b)de?i®fPx*+8ia’(a+ib)cdfx}+
8a(a+ib)bcd®f*x’+8ia*(a+ib)cd’e?'®f*x’-8a(a+ib)bcd’e? ®f x’+
4(a-ib) (-ia+b)d®f (bd+2acf)x*+2ia*(a+ib)dfx*+
2a(a+ib)bd®f*x*+2a(a-ib) (-ia+b)d*fx*+2ia’ (a+ib)de?iefxt-
2a(a+ib)bd®e?'*f x*+3b(-ia+b)c’de?'®(b(-1+e*'®) +ia(1+e’"¢))

' . 2abe211 (e+f x)
741Fx—21ArcTan[ " 21 et " et ] +
-b (—1+<e )+a (1+<e (e )>

_FZ

Log[bz (71+621(e+fx)>2+a2 (1+e21(e+fx)>2] 4

2a(a+ib) cBe?i®(Lib(-1+e2i¢) ra(1+e2ic))

2abe2j(e+~Fx)
-4ifx-2iArcTan| ]+

_p2 <_1+e21‘t<6+fx>> + a2 (1+ezi<e++x>)
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LOg[bz (71+GZJ‘L (e+fx)>2+a2 (1+ezi (e+fx)>2]

6ib(-ia+b)cd®e?*® (b(-1+e**®)+ia(l+e*'®))f

(afjb) eZJi (e+f x)
2fx

-Fx+1'1Log[1+

a+1b

(afjb) eZJ‘L(eH:x)
a+ib }J

] J + Polylog [2, -

61a (a+1‘1b) c?de?ie (—Jib (—1+<e“e) +a <1+<e“e)) £2

(a—]lb) eZJ’l (e+f x)
2fx

—ib 21 (e+fx)
fx+ilog[l+ (a-1b)e }]Jr

]] +PolyLog[2, -
a+1ib a+ib
b (—]ia+b> d3 e 2ie (b (_1+(92119> +1ia (1+62j1e>>

2_F2X2 (a—ib) ezi(e#x)}

-2ifx+3Log[l+

a+1b

<a7 i b) er (e+f x)

6 i f x PolyLog[2, - | +3PolyLog|3, -

a+1ib a+1ib
2a (a+1’1b) cd?e2te (—J’Lb(—1+e2je) +a <1+<e“e>)f

(a _ 1 b) ezi (e+f x)

(2 tb] &2t om0 .

2_F2X2 (a—ib) eZJ‘L(eH:x)

-2ifx+3Log[l+ - 61 fxPolyLog[2, -

} +

a+1ib a+1b

(a _ i b) erL (e+f x)

3 Polylog|3, - }) +a(a+ib)d®e?'® (-ib (-1+e*'®) +a (1+e’'®))

a+1b

(a—ib) ezﬁ(e+fx) (a—ib) eZi(e+'Fx)

[211-F4x4+4f3x3L0g[1+ | -61f2x?Polylog|2, -

a+1b a+1b

_ib 21 (e+fx)
| +31iPolylog|4, - (a-ib)e ]]J +
a+ib a+1b

(3x* (ac®’d-ibc*d+ac’dCos[2e] +ibc’dCos[2e] +iac’dSin[2e] -bc*dSin[2e])) /
(2 (a-ib) (a+ib)
(a+ib+aCos[2e] -ibCos[2e] +iaSin[2e] +bSin[2e])) +
(x* (acd®-ibcd®*+acd’Cos[2e] +ibcd®Cos[2e] +iacd’Sin[2e] -bcd*Sin[2e])) /
((a-ib) (a+ib) (a+ib+aCos[2e] -ibCos[2e] +iaSin[2e] +bSin[2e])) +
(x* (ad®-ibd’+ad’Cos[2e] +ibd’Cos[2e] +iad’Sin[2e] -bd*Sin[2e])) /
(4 (a-ib) (a+ib) (a+ib+aCos[2e] -ibCos[2e] +iaSin[2e] +bSin[2e]]] +
x (c®/(a®+2iab-b*+a’Cos[4e] -2iabCos[4e] -b>Cos[4e] +1ia’Sin[4e] +2abSin[4e] -
ib’Sin[4e]) + ((-a-ib+aCos[2e] -ibCos[2e] +iasSin[2e] +bSin[2e])
(-4iabc®Cos[2e] +4abc®sin[2e])) /((a-1ib) (a+ib)
(a+ib+aCos[2e] -ibCos[2e] +iaSin[2e] +bSin[2e]) (a®+2iab-b”>+a’Cos[4e] -
2iabCos[4e] -b’Cos[4e] +ia*Sin[4e] +2abSin[4e] -ib*Sin[4e])) +
(c*Cos4e] +ic®Sin[4e]) /(a®>+2iab-b>+a’Cos[4e] -2iabCos[4e] -
b>Cos[4e] +ia’Sin[4e] +2absSin[4e] -ib’>Sin[4e])) +
(b csin[fx] +3b>c2dxSin[fx] +3b>cd®x*Sin[fx] +b?d*x*Sin[fx]) /
((a-ib) (a+ib)f (aCos[e] +bSin[e]) (aCos[e+fx] +bSin[e+Fx]))

] +

(a _i b) eZJi (e+f x)

6 f x PolyLog|[3, -

Problem 60: Result more than twice size of optimal antiderivative.
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(c+dx)2
J dx
(a+bTan[e+1‘:x])2
Optimal (type 4, 654 leaves, 18 steps):
2ib? (c+dx)? 2b% (c+dx)?

+ +

(a2 +b2)*f (a+ib) (ia+b)®(ia-b+ (ia+b)eie2ifx)f

(c+dx)? 4b (c+dx)? 4b? (c+dx)’
. _
3(a-ib)?d 3 (ia-b) (a-ib)*d 3 (a?+b2)%d

+

2b2d (c+dx) Log[1+ 222 o (L dx)? Log[1 4 (2oiblet 22T

a+rib N a+ib B

(a®+b?)* F2 (a-ib)2(a+ib)f

2i0? (c+dx)®log[1+ S ST ib?d Polylog[2, - RS T
(a2+b2)2f (a2+b2>2-F3

2bd (c+dx) PolyLog|2, —la’—wi%] ) 2b%d (c+dx) PolyLog|2, _Mljbi] +

(ia-b) (a-ib)?*f2 (a2 + b?)2 2
b d? Polylog[3, - 2S5 ] b2 d? Polylog[3, - L
(a-ib)? (a+ib) (a2 + b2)2 £

Result (type 4, 1320 leaves):
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1
3(a-ib) (a+ib) (a2+b?) (b-be?ic-ia (1+e2i¢)) 3

b [—'F 12abcde? e fx-12ib*cde?i®fx+12a%c?e?’®f2x-121abc?e?i®fx+

6abd?e?i®fx?-6ib?d?e?i®fx?+12a’cde?i®f2x?-12iabcde?i®f2x%+
4a’d’e’ e f2x’-4iabd? e f P +6c (-ib (-1+e?'®) +a (1+e?'¢))
ZabeM(e*fX)

_bZ (_1+(62]i (e+~Fx)> +a2 <1+ezi(e+fx)> ]

+

(bd+acf) ArcTan|

(a_ i b) erL (e+f x)

6d (b (—1+<ene> +1a (1+e“e)) X (bd+af<2c+dx)> Log[1+ }+

a+1ib
Biabchog[bz <_1+ezi(e+fx)>2+a2 (1+621(e+fx))2} B

3b? cdLog[b? (—1+ze“(e“cx>)2+a2 (1+e“<9+fX>>2} .

3iabcde?t® Log[bz (71+621(e+fx)>2+a2 <1+ezi(e+fx)>2] +

3b2cde2ie Log[bz (71+921'L(e+fx>>2 a2 (1+eu(e+fx>>2] .

3]132C2'FL0g[b2 (71+(e2]l e+‘FX> <1+(e21'1(e+fx)>2]7
3abc®flog[b® (-1+e** e*fx)z 2(1+e1e*fx)2]+
Biazcze”e'FLog[bz( 1+ e? ﬁ(e*‘cx))z a’ (1+e ﬁ(e*‘cx))z} +

3abc2 e“e'FLog[bz (_1+eu<e+fx)>2+az <1+ezi(e+fx)>2]

(a7 i b) eZJi (e+f x)

3d (-ib(-1+e’'®)+a(1+e’'®)) (bd+2af (c+dx)) Polylog|2, |+

a+ib
(a—i b) eZi (e+f x)

3ad? (b-be’'®-ia(1+e’'?)) Polylog|3,

a+1b
(3a®c®fxCos[fx] -3b>c?fxCos[fx] +3a’cdfx’Cos[fx] -
3b%2cdfx?Cos[fx]+
a2d?>fx3Cos[fx] -
b2 d? f x3 Cos [f x] +
3a2c?fxCos[2e+fx]+
3b2c?fxCos[2e+fx]+
3a2cdfx?Cos[2e+fx]
3b2cdfx?Cos[2e+fx]
a?d’fx>Cos[2e+fx] +b>d>fx3Cos[2e+fx] +
6b2c2Sin[fx] +12b%cdxSin[fx] +
6abc?2fxSin[fx] +6b2d?>x?>Sin[fx] +
6abcdfx®Sin[fx] +2abd’fx*Sin[fx]) /
(6 (a-ib) (a+ib)f(aCos[e] +bSin[e]) (aCos[e+fx]+bSin[e+fx]))

Problem 61: Result more than twice size of optimal antiderivative.

c+dx
J dx
(a+bTan[e+fx})2

Optimal (type 4, 214 leaves, 5steps):
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22.p2) e2i (e+Fx)
(c+dx)? (bd+2acf+2adfx)? b(bd+2acf+2adfx) L°€[1+1—)—<a+jb)z ]
B N N _
2 (a2+b2)d 4a(a+ib) (a®+b?)df? (a2 + b?)* 2
. 2,p2) @21 (e+fx)
iabdPolylog[2, - (ZoLe =0 k:aﬂ,lb)z ]7 b (c+dx)
(a2 + b2)2 f2 (a®>+b?) f (a+bTan[e+fx])

Result (type 4, 745leaves):
((e+1cx) (-2de+2cf+d(e+fx)) Sec[e+fx]? (aCos[e+Fx] +bSin[e+Fx])2)/
(2 (a-ib) (a+ib) (a+bTan[e+-Fx])2) +

(bzd(7b(e+1‘x)+aLog[aCos[e+Fx]+bSin[e+fx]])Sec[e+fx}2

(aCos[e+fx] +bSin[e+-Fx])2)/(a (a-ib) (a+ib) (a®+Db?) <a+bTan[e+fx})2) -
(Zbde(—b(e+-Fx>+aLog[aCos[e+1‘x]+bSin[e+-Fx}])Sec[e+-Fx}2

(aCosfe+fx] +bSin[e+-Fx])2)/(<a—ib) (a+ib) (a®+b*) £ (a+bTan[e+fx])2) +
(2bc(—b(eﬂcx)+aLog[aCos[e+-Fx]+bSin[e+-Fx]])Sec[e+-Fx]2

(acCosfe+fx] +bSin[e+-Fx])2)/(<a—ib) (a+1b) (a2+b2)-F(a+bTan[e+fx])2) -

d | etpreman[;] (e+Fx)%+ ! a (]l (e+fx) —7T+2Ar‘cTan[§]) -nlog[l+e 2t (e ] -
1+Z% b
2 (e+-Fx+Ar‘cTan[§]J Log[l—ezjl (e“cx*A"Ta”m)] +Log[Cos[e+Ffx]] +

a . a ,
2Ar‘cTan[E] Log[Sin|e+fx+ArcTan[—]|]] + i PolyLog[2, e

: 21 (e+fx+ArcTan|2]) ] )

a? + b?

b2

Sec[e+fx]? (aCos[e+fx] +bSin[e+fx])? /{(aib) (a+ib)

f2 <a+bTan[e+fx})2 + (Secle+fx]? (aCos[e+fx] +bSin[e+fx])

(-b*desinfe+fx] +b*cfSin[e+fx] +b’d (e+fx) Sin[e+-Fx]))/
(a (a-ib) (a+ib) f? (a+bTan[e+fx])2)
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Summary of Integration Test Results

63 integration problems

A - 48 optimal antiderivatives

B - 14 more than twice size of optimal antiderivatives
C - O unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - 1integration timeouts



